We study 3-connected maps, 3-connected triangulations. and simple triangulations on arbitrary surfaces. It is shown that the radii of convergence do not depend on the surface and that the number of maps grows in a smooth manner. This is used to show that any possible planar submap occurs many times as a submap of almost all maps of any of the three types mentioned.
INTRODUCTION
A Cl law for an infinite collection of structures is a statement that, as we look at random structures of "size" n, the probability of their having some property is asymptotically zero or one. We will establish a C-1 law for various classes of n edged maps on a surface when the property is "P is a submap of the given map." Specifically, we will show that almost all 3-connetted maps, 3-connected triangulations, and 4-connected triangulations contain many copies of a given planar map. We also show that 3-connected maps usually contain no copies of most nonplanar maps.
For convenience, we repeat some definitions from [2] . Let 9' be a sur-face without boundary. We recall that a map on Y is an embedding of an unlabeled graph in Y such that 9 minus the embedding is a set of regions homeomorphic to discs. The discs are the faces of the map. The map is rooted if an edge, a direction along the edge, and a side of the edge are distinguished. The face on the distinguished side of the edge is the root face of the map. Two maps are considered the same if one embedding is mapped to the other by a homeomorphism of the surfaces. If the map is rooted, the rooting must also be preserved.
Let M be a map on a surface Y of type g and let C be a cycle formed by a subset of the edges of M. (We use type rather than genus because our results also apply to nonorientable surfaces.) Imagine that the edges of M have a non-zero width so that we can cut the surface by running a cut along C through the middle of the edges. (In effect, we are duplicating the edges of C so that they appear on both sides of the cut.) Suppose that this process separates 9' into two pieces. Each piece will have a hole which we till in with a disc. This gives two new surfaces Yi and YZ of types g, and g, = g -g, containing maps M, and M,. We call M, and M, submaps of M with respect to C and we say that M, is the maps that results from remouing M, from M. It follows readily from the generalized Euler relation (U -e +f = 2 -2g) that g, + g, = g. The edges that were on C are referred to as external edges of M, and M, and all other edges are referred to as internal. We say that M contains a copy of P if P is a submap of M. If P is rooted, the disc that was added must correspond to the root face of P. We say that two submaps M' and M" of A4 are disjoint if they have no faces in common. (The holes that are filled are never considered to be common.)
Following Tutte, we say that a graph G is not k-connected if, for some 0 < m < k, one can partition the edges of G into two sets H and K such that 1 HI 3 m and 1 K( > m and H n K contains at most m vertices.
We say that a map is simple if it does not have two submaps with respect to a 3-cycle, each containing more than just the 3-cycle. This is an extension to surfaces of Tutte's [8] definition of a simple triangulation on the sphere. A map with one face of degree four and the other faces all triangles is called a near-triangulation.
In the next section we prove THEOREM 1.
Let S be a surface and let P be a map on some surface of type d. Suppose that P can occur as a submap of large 3-connected maps. There are constants c(P) and 6(d) such that (a) If P is planar, all but an exponentially small fraction of the 3-connected n-edged maps (rooted or not) on S contain more than c(P)n disjoint copies of P.
(b) if d> 1 and P has at least 6(d) more internal edges than external edges, then almost none of the rooted n-edged maps on S contain a copy of P. Zf d> 1, we need not require that the maps be rooted.
We will obtain an explicit small bound for 6(d) in (2.6). Although 6(d) is probably not needed, we cannot eliminate it by our method of proof.
In Section 3 we adapt one of the ideas in Section 2 to triangulations and prove THEOREM 2. Let S be a surface and let P be a planar triangulation, Suppose that P can occur as a submap of large 3-connected triangulations. There is a constant c(P) such that all but an exponentially small fraction of the 3-connected n-edged triangulations (rooted or not) on S contain more than c(P)n disjoint copies of P.
COROLLARY.
Almost none of the 3-connected triangulations on a surface have a 2-factor. Almost none of the even edged 3-connected triangulations on a surface have a l-factor. THEOREM 3. Let S be a surface and let P be a planar near-triangulation. Suppose that P can occur as a submap of large simple triangulations. There is a constant c(P) such that all but an exponentially small fraction of the simple n-edged triangulations (rooted or not) on S contain more than c(P)n disjoint copies of P.
The techniques of [2] could be used to prove our theorems if the asymptotic behaviour of the various classes of maps were known. Since this information is not available, we will prove "smoothness"; i.e., lim m,(S)l"' exists, where m,(S) is the number of maps of some class (e.g., 3-connected maps or simple triangulations) and the limit is taken through the subsequence of m,'s which are not zero. This idea was used in [ 1 ] for certain maps on the plane. In order to prove smoothness on other surfaces, we first show that the radius of convergence of 1 m,(S) xn is independent of S. (1.1) This seemingly simple fact was not previously known for the classes of maps we consider here. To prove Theorem 1 (b), it is necessary to know more about the growth of m,(S), namely that m,-,(T)/m,(S)
where a is the difference of the types of S and T.
It is not always clear how various connectivity concepts should be extended to nonplanar surfaces. The "natural" ideas do not always work well. For example, the easily studied analogy of 2-connected maps (called nonchoppable in [S] ) is not the natural one. Fortunately for asymptotics, it was shown by Bender and Wormald [IS] that almost all nonchoppable maps are 2-connected. Our notion of simple triangulations is another such example. One might well argue that it is not the natural extension because simple nonplanar triangulations need not be 4-connected. Perhaps, as in the case of 2-connected maps, almost all simple triangulations are 4-connetted, in which case Theorem 3 would hold for 4-connected triangulations. Perhaps there are suitable extensions of k-connectivity which allow one to extend the results of [ 1 ] to arbitrary surfaces. We now turn our attention to Theorem l(b). The idea of the proof is somewhat like that used to prove Theorem 3 of [2] ; however, the lack of asymptotic formulas makes it necessary to modify the argument considerably. As a result, the conclusions we reach are somewhat weaker. We proceed in two steps. First, we prove that there are many more maps on surfaces of higher genus. Second, we show that there are not very many ways to add P to a map. The latter is not as straightforward as it sounds because removing P from a 3-connected map may leave a map which is no longer 3-connected. To eliminate this problem, we must show how to patch the map up after removing P so that it will be 3-connected. This can then be reversed-patches can be identified, removed, and replaced with P. (The reversed procedure may not always give 3-connected maps, but that does not matter since we are looking for an upper bound.)
Let a surface S of type g be given and let T be a surface of type g -d that can be obtained from S by removing handles and/or cross caps. We will show that there is a k = k(d) such that m,-AT) m,(S) = O(n-2d).
(It is probably true that 2d could be replaced by 5d/2, but we cannot prove this.)
Recall that an edge is singular if the same face borders it on both sides. Let it4 be an n-edged 3-connected rooted map on some surface R. Choose two vertices of M that are not connected by an edge and are not incident with a singular edge. This can be done in @(n*) ways since a 3-connected map has O(n) vertices and, by [4] , only a bounded number of singular edges. At each vertex which was just chosen, choose a corner of a face. Since none of the edges incident with the vertices are singular, this can be done so that the two corners lie on different faces. Join the two faces by an edge connecting the two corners through a handle. If desired the handle can be given a "twist" to make a nonorientable surface out of an orientable one. Since the added edge is singular, it follows by [4] that there are only a bounded number of ways to reverse this process. We have just proved (2.5) for d= k = 1. Thus (2.5) follows for all integral d= k. To add a cross cap, we simply attach it to a face. Let U, u, w be three adjacent vertices on the face. Introduce new vertices x and y. Connect x to u and u. Connect y to u and w. Connect x to y with a singular edge through a cross cap. This uses a total of live edges. This completes the proof of (2.5) with 44 = ;+ 4l i if d is an integer; 2, otherwise.
Now for the second step. Suppose that we have on a surface S a 3-connetted n-edged rooted map M that contains a copy of P as a submap. Remove the submap P, leaving a map M' on some surface T. The face F of M' that had contained P must have at least three edges on its boundary since M is 3-connected. We now put a patch in F to preserve 3-connectivity. Place a vertex u in the center of F and connect it by edges to each of the vertices of F. This produces a new map M" which is easily seen to be 3-connected since M was. If desired, we may add 2j more edges by running j additional edges from v to j new vertices subdividing an edge of F. Finally, we can add three edges by replacing u with a triangular face.
The process in the previous paragraph can be reversed. There are O(n) ways to select the patch to remove, because it is determined by selecting u or the triangle replacing u. Let x be the excess of internal over external edges in P. The argument just given shows that there are at most O(n) mnpk( T) 3-connected n-edged rooted maps on S that contain P for every k such that k G x -2.
Combining the results of the two steps, we see that we are done if if d is an integer; otherwise.
TRIANGULATIONS (2.6)
If we can prove a result like Lemma 1 for 3-connected triangulations and simple triangulations, then the methods in [l, Sect. 43 can be used to prove Theorems 2 and 3. For the purposes of obtaining functional equations, it is convenient to work with generating functions such that the coefficient of xn is the number of triangulations with 2n faces (equivalently, 3n edges). Let the generating function for k-connected rooted triangulations be Tk,(x). The smallest allowed triangulation is a triangle on the sphere, so we have Tk,(x) = x + . . . . Tutte [ 10, (18) ] shows that T2,(x) = T3,(x( 1 + T20(x))3), which is easily extended to T2,(x) 2 T3,(x( I+ T20(~))~). (i) We need for T3 the fact that r( T2,) = r(T20) for all S, which was proved by Gao [6] . We will show that r(T3s) = r(T30), which is needed for T4.
(ii) Tutte gave various parameterizations and asymptotics for T2, [lo, (15), (16)-J, T3, [8, (4.8) , (4.9), (8.1)1, and T4, C8, (8.13)1.
(iii) We can prove inequalities like (2.3) for T3 and T4 by embedding a fixed map on S in root faces of maps on the sphere. For T3 this is just a matter of identifying root faces of the two triangulations. For T4, we use simple near-triangulations and note that there is a bijection between triangulations and near-triangulations given by deleting the root edge of the former.
(iv) One can now produce from (3.1) and later from (3.2) equations corresponding to (2.4).
The rest of the proof follows Lemma 1. a The corollary to Theorem 2 follows immediately from a result of Thomassen [7] . He shows how to construct a 3-connected planar triangulation which cannot be a submap of any 3-connected triangulation with a 2-factor or a l-factor.
Note added in proof:
Using the results in [ 111, the results presented here can be deduced from [2] . The arguments in [ 1 I] are different from and more complicated than those presented here.
